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Abstract
It is shown that N2 is the upper limit for the number of histories
in a decohering family of N-state quantum system. Simple criterion is
found for a family of N2 fine grained decohering histories of Gell-Mann
and Hartle to be identical with a family of Griffiths’ consistent quantum
trajectories.
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Several versions of consistent history theories [1, 3, 2, 4, 5] have been pro-
posed earlier to incorporate the interpretation of quantum state into the basic
equations of the formalism. Here we are going to prove that the maximum
number of consistent histories is equal in both decoherent history and consis-
tent quantum trajectory theories of Gell-Mann and Hartle [3], and of Griffiths
[5], respectively. Further numerous algebraic properties have been explored in-
dependently by Dowker and Kent [6].
Let us consider a closed N-state quantum system whose state space is the
Hilbert space H of N dimensions. Let us introduce a time-ordered sequence of
events and the corresponding operator
Cα ≡ Pαn(tn) . . . Pα2(t2)Pα1 (t1) (1)
where the Pαk(tk)’s form complete orthogonal sets of Hermitian projectors for
each k = 0, 1, . . . , n in turn. Given the Heisenberg state ρ of the system, the Cα’s
are said to generate a family of decoherent histories [3] provided the so-called
decoherence fuctional is diagonal:
D(α, β) ≡ tr
(
C
†
βCαρ
)
= 0 for all α 6= β. (2)
Its diagonal elements will be assigned to decoherent histories as their probabil-
ities p:
p(α) = D(α, α). (3)
Griffiths’ quantum trajectories [5] can be identified by a certain subset of fine
grained [3] decoherent histories. Accordingly, all events in the sequence (1) will
be described by 1-dimensional (pure state) projectors. Griffiths assignes prob-
abilities to his quantum trajectories without referring to the state ρ and the
decoherence functional either. Here, nevertheless, we show how Griffiths nonin-
terference condition and his probability assignment can be formulated within the
context of decoherent histories (1-3). To this end, assume that the decoherence
condition (2) holds for a family of fine grained histories, i.e., the decoherence
functional is diagonal. Griffiths noninterference condition imposes additional
constraints on the nonzero diagonal elements. For any pair of initial and final
labels α1, αn, at most one decoherent history α1, α2, . . . , αk . . . , αn should make
the corresponding diagonal element D(α, α) nonvanishing. In other words, the
endpoints α1, αn should determine the whole string uniquely. The following
factorization is then valid for nonzero diagonal elements:
D(α, α) = tr
(
Pαn(tn)Pαn−1(tn−1)
)
tr
(
Pαn−1(tn−1)Pαn−2(tn−2)
)
. . .
. . .× tr
(
Pα2(t2)Pα1 (t1)
)
tr
(
Pα1(tn)ρ
)
. (4)
Such family is considered consistent a` la Griffiths, and assigned by the following
probabilities:
pG(α) =
p(α)
p(α1)
. (5)
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where p(α1) = tr (Pα1(t1)ρ). From Eq. (4) it follows that Griffiths’ probabili-
ties pG (5) are independent of the Heisenberg state ρ and depend only on the
sequence (1) of events. Griffiths probability (5) of a given trajectory α is equal
to the corresponding GMH probability (3) at the condition that the earliest
event was Pα1(t1) with certainty; this condition relaxes the ρ-dependence of the
Griffiths probabilities.
Since the total number of pairs α1, αn is N
2, the maximum number of Grif-
fiths’ trajectories in a consistent family is N2. In the generic case, the number
of Griffiths’ trajectories is equal to the number of pairs α1, αn for which the
overlap of the corresponding initial and final states is nonzero, i.e.:
tr
(
Pαn(tn)Pα1 (t1)
)
6= 0. (6)
We show that N2 is the upper limit for the number of decohering histories
in GMH families, too. Let us start initially with pure state ρ = |ψ〉〈ψ| and
introduce the unnormalized vectors
|ϕα〉 = Cα|ψ〉. (7)
From the decoherence condition (2) it follows that they are orthogonal to each
other:
〈ϕβ |ϕα〉 = 0 for all α 6= β. (8)
The maximum number of (nonzero) orthogonal vectors in H is N .
Let us allow mixed states, too. Consider the orthogonal expansion ρ =∑N
r=1wr |ψr〉〈ψr | which is always possible with nonnegative normalized wights
wr. Consider the trivial embedding of our system into a larger one whose state
space is H ⊗H′ where H′ is also N -dimensional Hilbert space. Construct the
following state vector in H⊗H′:
|Ψ〉 =
N∑
r=1
√
wr|ψr〉 ⊗ |ψ′r〉 (9)
where {|ψ′r〉, r = 1, . . . , N} form a complete orthonormal system in H′. Intro-
duce the following unnormalized vectors in H⊗H′:
|Φα〉 = (Cα ⊗ 1) |Ψ〉. (10)
From Eqs. (7-10) one can prove that these vectors are also orthogonal to each
other:
〈Φβ |Φα〉 = 〈ϕβ |ϕα〉 = 0 for all α 6= β. (11)
In Hilbert space H ⊗H′, the maximum number of orthogonal vectors is equal
to the number N × N of dimensions. In such a way we have proven that the
maximum number of histories in a given decohering family is N2. (The general
limit is rank(ρ)N , as one could easily prove.)
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We see that the maximum number of consistent histories is identical at both
GMH and Griffiths conditions. This fact makes one think about the extent of
GMH decohering families are more general than Griffiths’ ones. We are not yet
able to present an exhaustive mathematical comparison. Nevertheless, we know
the class of GMH families which is identical to Griffiths’ families. If all initial
events Pα1(t1) has nonvanishing overlaps (6) with all final events Pαn(tn) then
a family of fine grained decoherent histories is a family of Griffiths’ quantum
trajectories.
The proof is rather easy. From the existence of all overlaps (6) it fol-
lows that, for each pair α1, α2 there must be at least one decoherent history
α1, . . . , αk, . . . , αn such that D(α, α) is nonzero. [Otherwise D(α, α) would be
zero for all α2 . . . αn−1 and this would contradict to (6).] Such decoherent his-
tories must exist for all N2 different pairs α1, αn. Since the maximum number
of decoherent histories, as shown above, is also N2 there can be only a single
one for each fixed pair α1, αn. This means that Griffiths’ additional condition
fulfils for the given family of N2 GMH decoherent histories.
For the generic fine grained decohering family when the number of positive
overlaps (6) may be less than N2 it is most likely that multiple histories will
arise with the same endpoints α1, αn and this denies the equivalence with any
Griffiths family. We can not judge whether Griffiths’ conditions are too restric-
tive or, oppositely, the GMH decoherence is too general. Nevertheless, GMH
decoherence theory is formally equivalent with the von Neumann collapse theory
[7]. Any restriction of the GMH decoherence might thus miss the probability
assignment for certain families which are otherwise well-interpreted in the von
Neumann language.
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